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Mosicuenns 10 3aaanb 3 MATEMATHUKHNU

npooHoro recryBanHs «3II'3AI-2012
(0e3 Tem 11 kuacy)

A

JlecsaTh moApyr, SKi CKIANar0Th MO 3 TPEIMETH, KOXKEH 3 sSKuX Komrtye 50 TpH, 3aIuiaTirh
3araioM 1500 rpH. Bunaropona ckinamae 60 rpH. HeoOXigHO CKIacTH MPOIOPIIiIO, Y3SBIIU B
skocTi 100% — 1500 rpH, a x% — 60 rpH.

A

3aranpHU BWIVIAL PO3B’S3KIB JAHOTO PIBHSAHHA: 2X +% = (—1)* % + mk,keZ. 3Biacu

T m . mk .
HECKJIAJHO OTpuMatH, mo: x = (—1)k L st keZ. 3anumumiocs nmopaxyBaTu — CKUIBKH 3

IIUX KOPCHIB MOTPANUTh Y 3a3HauCHUi MpoMixkoK. [lijcTaBistoun 1mo 4dep3i It 3HaYeHHsS k
(IOKM KOpHI He BHIAYTH 3a 3a3HaveHuil mpomixok) (0,—1,1,—2,2...), oTpuMyeMO, IO Lie

.. ToT 11 . 5t
;yILYTB KOPHI: — 3=~ =
Heo0xiqHo mam’sTaTy, 10 AJIs TOTO, 100 pO3ALIUTH Ha Api0, HeoOXiJHO HOro MEepeBEepHYTH Ta
Ha HBOTO MOMHOXUTH. [lic/isi IBOTO 3aJMIIMTHCS CKOPOTUTH, 3TaJaBINM, MO TNPH AIJICHHI
MOKa3HUKH CTETICHIB BIJHIMAIOTBCS, a HE JUIATHCSA, a NPU MHOKEHHI JONAIOThCA, a He
MHOaThCSL.
r
Jliis Toro, mo0 MOPIBHIOBATH KOPHI, HEOOXITHO MPUBECTH iX JO OJHAKOBOTO cTemneHs. Toji:
V6 = V6% V10 = '3/103; Y32 = '3/322. Ockinbku KOpiHb — 3pocTaroda (QYHKIS, TO, YUM
OlIbIIe BHUpa3 MiJ KOpPEHEM, TUM Olibllle 3HAYE€HHS CaMOro KOpeHs. 3BIJCH BXKE HECKJIAJHO
OTpUMATH MPABWIBHY BiAMOBIIb.
B

co X .
Touka (2x,x) HaleXUTh NpPAMINH y = > Ile o3Havae, 1m0 BOHA HaNEXUTh Tpadiky (yHKIII,

KO 15 (YHKIIS NepeTHHAEThesa 13 rpadikoM 3a3HaueHoi npsmoi. HamamoBaBmm rpadik
NPSIMOi, MOYKHA TTOOAYUTH, 110 BOHA MepeTHE rpadik GyHKIii y 2 TOYKax.

B

3BICHO, II¢ 3aBIaHHS MOXKHA PO3B’si3aTH METOAOM MijoupanHs. OmHak OLIbII MPAaBHIBHUM 1
HaiiHUM OyJe po3B’S30K 13 BUKOPHCTaHHAM apudMeTnyHoi mporpecii. Jlerko mobauuru, mo
KUTbKICTh XBUJIMH, 5IKi TeTsHa TUBUTHCS KOKHOT HEIUT — 1€ WieHH apu(MeTHIHOoi mporpecii i3
a; = 10;d = 5. Ham notpibHO 3HalTH n, mpu skoMmy: a, = 90. Bukopucrasum ¢opmyiy
a, = a; + (n—1)d, 3Haxoaumo, mo n = 17.

b

Bekropu mepneHauKyIsipHi, SKIO iX CKaaspHUi 100yTok nopiBHioe 0. CkanspHHil H0OYTOK
BEKTOpiB JOPIBHIOE Cymi JOOYTKIB iX KOOpJIMHAT: db =2b + (=2)(-3)=2b+6.
[MpupiBHsBIYM naHwmii Bupa3 10 0, oTpuMaeMo MpaBUIbHY BiJIOBI/Ib.

B

MoskHa pocTo HamamoBaT oOuaBa rpadiku B OHINA CUCTEMI KOOPIWHAT Ta 3HAWTH BIJIOBI/Ib.
A MoxHa 3ragati GOpMyIy: COSX = sini?ég + x). TobTo cuHycoiny Tpeba MepeMiCTUTH BIIiBO

b4 .. . .
Ha E’ a, OTKC, B1C1 KOOpAMUHAT HOTp16HO nepemilaru B MPOTUIIC)KHY CTOPOHY Ha TaKy CaMy

BiJICTaHb.

I'padix nHemapHOi (yHKII] CMMETpPUYHMI BIJHOCHO IMOYATKy KOOpPAMHAT, a Trpadix mapHOi —
BiZTHOCHO Bici Oy. OTxe, 3 MepLINX JIBOX BIACTUBOCTEH BUKOHYeThCs TUIbKU (1). BmactuBicts
(3), oueBuaHo, HeBipHA. A och BiactuBocTi (4), (5) — BipHi (amke (QyHKIS HEMaE CHUTBHUX
TOYOK 13 BicCIO abciuc, a HeBH3HAUeHa Juiie y Touti 0).
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B
Jlana HepiBHICTh PO3B’SA3yE€TbCA METOJOM iHTepBaiB. Cro4aTKy MOTPiIOHO PO3KIACTH TPUUIECH
y 3HAMEHHHKY HAa MHOKHMKM 32 JOHNOMOTOI HACIiKy 3 Teopemu Biera:x? —x —2 = (x —
(x—3)?(x+2)
x3(x-2)(x+1)
YHUCIIOBY BiCh, BIAMITHTH Ha Hil HYJI yciX ckobok: —2,—1,0,2,3 . Ilpu npomMy HyJli 3HAMCHHHUKA
MOTPIOHO «BUKONOTW». Jlalli MatoeThes «3MiiiKay, sika MOYMHAETHCS CIIpaBa 3BEpXY, Ta MiHSIE
3HaK y BCIX TOYKaX, OKpiM 3 (ajpke BIJAIMOBIJIHA CTEMiHL — MapHA). Y pe3ynbTaTi OTPUMYEMO
po3B’si30k HepiBHOCTI: [—2; —1) U (0; 2) U {3}. Cepen uux po3B’si3KiB JIHIIIE IBA HATYPAIbHHX:
1 Ta 3.
A
SIKmo KUTbKicTh MaraswHiB 2Xx (a BOHA IMOBHMHHA IUIMTHCSA Ha 2, a/pKe B YMOBI HACTHCS PO
MOJIOBUHY KUJIBKOCTI MarasuHiB), To AHs nepemipsie 3x + 7x = 10x cykonb. OTke, KUIbKICTb
MepeMipsSHUX CYKOHb MTOBHMHHA Ainutrcs Ha 10.
A
L1 cucrema Mae Ge3niu po3B’sI3KiB, ajKe KOe(]ILI€HTH IPU BCIX 3MIHHUX Ta BUIbHI KoeilieHTH
B 000X PIBHSAHHIX MPOMOPITIHHI.
r

Take gUBHE 3HAYCHHS APryMCHTY INOBHMHHO HAIITOBXYBATU HAa AYMKY, IO 3HAYCHHA BHpPA3y HC

. . .. . 1+sin2a 1+2sinacosa
3aJIEXMTh BiJ| 3MiHHOI. 3aCTOCYEMO HACTYIHI IEPETBOPEHHS. —— 7 = —¢ T =
sin (Z+a) (smzcosa+coszsma)

2)(x +1). Toni HepiBHICTH BUINIANAE SK: < 0. Mami mnorpiOHO HamaIOBaTH

1+4+2sinacosa 2
%(cosza+sin2a+25inacosa ) -
r
JloOytok mopiBHIOE O TiTBKKA TOJi, KOJU OAWH 3 MHOXHUKIB jopiBHIO€ 0. [IpupiBHSABIIH yci
MHOKHUKH piBHAHHS 10 0, oTprMaeMo kopeHi —6, —4,0,3. 3 mUX 40THPHOX KOPEHIB JIUIIE OJAHH

He yBilae B O/13 piBHsHHS (X = —4) — 11e KOpiHb —6.

CKOpHUCTABIIUCH TPABWIOM MPOMOPIli, OTpuMaeMmo piBHICT: pVM = mRT, 3BiIKH JI€TKO
mRT

orpumati popmyny: M = —
P

B

TBepmxeHHst A HeBipHE (B SIKOCTI IPUKJIALy JOCTAaTHBO B3STH KBAJIpaT i poMO 13 cTopoHamMH 5 —
yci CTOPOHH piBHI, a YOTUPUKYTHUKU — Di3Hi). TBep/keHHs B Takox HeBipHe, ajpke Takuii
YOTUPUKYTHUK MOe Oytu nenbroinom (Hampuknan, AB = BC;CD = AD; A = «C;AC L
BD). Teepmxkenuss B — BipHe: Hexaii y dotupukytHuky ABCD ueii uentp — touka 0. Toai:
AO,BP,C0O,DO — GicektpucH KyTiB (a/pKe IIe IEHTP BIIMCAHOTO KOJIa) Ta OJHOYACHO PaJiiyCcH
onucaHoro kona. ToOTo yci 1i Bifpizku piBHI. OTpUMY€EMO YOTHUPHU PiBHOOSAPEHUX TPUKYTHUKHU
13 onHakoBUMU OiuyHMME ctopoHamu (AOB,BOC,COD,AOD), y sxkux 1ie W OAHAKOBI BUCOTH
(panmiycu BnmcaHoro kona). OTxe, Il TPUKYTHMKHM DiBHI, 3Ha4WTh, y YOTHPHKYTHHKa DiBHI
CTOpPOHH, TOOTO 1€ — poMO. A pomO, HABKOJIO SKOTO MOJHA ONHMCATH KOJIO — II€ KBajpart.
Teepmxennss I' — 1Bi piBHI CTOPOHM MOXYTbh OyTH, HamlpHUKIal, y piBHOOeIpeHOi Tpameuii.
Teepmxenns [l — TakUM YOTHPUKYTHUKOM MOXKe OyTH, HAIIPHUKJIAI, IPSIMOKYTHA TpaIellis.

B

OCKIiNIbKY TIEHTP OMHCAHOTO KOJja JISKUTh Ha OUIBIIIA OCHOBI, TO BOHA € JiaMETpPOM, a, OTXKeE,
nopiBHioe 10. Skmo Menma ocHoBa Tparenii BC, nentp koina — 0, o BO = OC = 5, T00TO

. . . 5vV3 o
BOC — piBHOOE1peHMiT TPUKYTHHUK 13 BUCOTOIO - Hecknanno orpumartu, 1o Takuid TPUKYTHUK

€ PIBHOCTOPOHHIM. 3BiJICH, MEHILIa OCHOBA JIOPIBHIOE 5, a cepeHst JiHis - 7,5.

b

[IpoBenemo me nBi cepemnix miHii - MT,NT, ne T — cepemuna croponu AC. Tomi 3
BJIACTUBOCTEH CepenHiX JIHIA MOXXHa OTPUMATH HACTYIHI PIBHOCTI TpUKYTHUKIB: AMK =
TNP; KMT = PNC; MBN = NTM. 3Bificu BUILTUBAE, IO 3aMaJIbOBAaHHUHA MPSIMOKYTHUK CKJIAJa€e
MOJIOBUHY BiJ] TPUKYTHHKA. OTXe, HOro Imomia TOpiBHIOE 8.

b
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Teepmxenns (1), (2) BipHi (3 03HaYeHHS Ta BIacTUBOCTEH mpsamux). Teepmkenns (3) HeBipHe,
aJDKe 4epe3 TOUKY, IO HE HAJCKUTh IUIONIMHI, MOXKHA MPOBECTH IUIOIIUHY, KA TapalieibHa
JaHii, B SAKid Oyab-siKa TpsMa, MO0 MPOXOIUTHh dYepe3 If0 TOYKy, Oylae mapajellbHa IaHii
tomuHi. TBepmkeHHs (4) BipHE, HE3BaKAIOUU HA T€ — HAJICHKATH I1I TOUYKH OJHIN TIPSIMIi 49U Hi.
Teepmxenns (5) HEBipHE, - JOCTATHBO TPOBECTH MUMOOIKHY IO TaHOT MPsMY Ta 0OpaTH Ha Hil
nBi Touku. TBepmkenus (6) HEBipHE, apKe i TPH TOYKH MOXYTh JI€KATH HA OJHINA TPSAMIi, i
TOJi yMOBa HE € 000B’ I3KOBOIO.
B
Inoma ctin ximaatu Kari nopiaroe: 2+ (34 + 3 +5) = 54 M2, Tpeba BiguATH Monly BikHA
(2-1,5=3m%) Ta gBepeit (0,6-2=1,2Mm?). Tobro, Tpeba modapbysatn 49,8 M.
BpaxoByroun, 1mo Ha KOKHUH KBaapaTHHA MeTp ine 0,4 Kr, OTpUMYyeEMO 3arajibHy HEOOXiTHY
KinbKicTh (hapou: 49,8 - 0,4 = 19,92 kr.
1-T,2-B5,3-A,4-B
1- y = Yx — ockinbkn (yHKIS BH3HAYEHA JHIIE MPH IOJATHHX X, TO k Moke OyTH ImIe
napHuM; 2 — OCKUIbKH TinepOosa nexuts y 11 ta IV wetBepTsx, To k moBHHEH OYTH BiJ' €MHUM;
3 — Touka nepeTuHy napaboinu 3 Biccto Oy nexuth Haj Biccro 0X, 3HAYUTH, BUTbHUN KOS(IIiEHT

NMOBHHEH OyTW AojaTHiM. Takum yuHOM, Kk > % Kpim Toro, Bepmmna napaboiu Mae Bia €MHY
abcImcy, TOMy, BpaXxoBYIOUYH (GOPMYITY: X, = —2%, % <0,a<0=>b<0=>—-(k—-2)<0=
k > 2. 3Bigcu orpuMyemMo €TMHUIA MOXIUBHM BapianT: k = 3; 4 — npsima, sika napaseiabHa oci
abcuuc Mae piBHsSHHSL: Y = b = k = 0.
1-T,2-B,3-A,4-B

Vat+l  4Va) Va-1 _ ((a+)?—4va) K a-1 (a-1)? Na(Va+1) _
1 )i = ( ) ( ) =Va.

va-1 a-1) a+va a-1 “Vaia+1l)  \(Va-1)a+1) Va-1
a%-a 2 a%_z a_% _3 _1 1
2 41=41_—4=a6=a2=\/—_
@)z a3 47F a
a (a—2)> ( 1 1 ) a (a—2)> ( a—2+a+2 ) a a
— = . —_—— . = ——=0.
a+2 2 a’-4  a’-4a+4 a+2 2 (a+2)(a—2)2 a+2 a+2
sinma ( L _ 1) = tgma(l + ctg?na — 1) = tgna - ctg’ma = ctgma = ctg==1
cosma \sin’ma 4

1-5,2-1,3-T,4-B

Terpaenp — 1e TpuKyTHa mipaMmiga, sika Mae 4 BEpIIMHM Ta CTUIBKM K TpaHeH, sKi €
TPUKYTHHKAaMU; Hapajesernine]l — YOTUPUKYTHA NpU3Ma, siIka Ma€ 8 BEpIIMH Ta 6 IpaHei;
MIECTUKYTHA MpH3Ma Mae 8 rpaHeil Ta 12 BepiIMH; YOTHPUKYTHA Mipamiga Mae 5 rpaHeit Ta 5
BEPIIHH.

1-A,2-14,3-T,4-b

Pajiiyc BrmcaHOTO Kona — Iie BUcOTa TpuKyTHHKa BOC 3 kyrom OCB = 30°. CxopucTapmmucs
BIACTUBICTIO KaTeTa, WO JexuTh Hanpotu Kyra 30°, orpumaemo: BO = 6 cM. 3Biacu, yepes

. . BO
TPUTOHOMETPUYHHMM 3B'SI30K KaTeTa 1 TINOTEHY3M TpUKyTHUKa BOC, oTpuUMaeMo: 2=

sin60° = BC = 4V3 cMm. 3  BuactuBocreii pomba: AB = 43 cM,BD = 12 cm.  Pagiyc
OINMCAHOTO HABKOJIO TPSMOKYTHOro TpukKyTHMKa BOC xona — e mojoBuHa rinotenysu BC,
106T0: R = 2v/3 cM. Tpukyrauk BCD: xyr BDC = 30° = BH = %BD = 6 CcM.

24

SIKIIIO TTO3HAYMTH 3a X — KUTBKICTh TOAMH, AKi HeoOXiqHi CraHicnaBy, To CalikoBi 3HaT00MITOCS
0 (x — 3) rogunu. 3a oxHy roauny CraHiciaB MOXe 30paTu % YacTUHY JUISHKY, a Callko - ﬁ
Ockinbku CranicnaB 3arajgoM npormpaitosaB 16 roaus, a Camko — 7, TO piBHSIHHSA 3a1a4i Oyze
TaKUM: 1x—6 + ﬁ = 1. Po3B’s3ytoun 1€ piBHSHHS, OTPUMAEMO JABa KOpeHs — 2 Ta 24 TOAMHU.
OnHak 2 TOJWHH, OYEBHIHO, HE € BIAMOBIAAI0 TaHOT 3aaui.

23

[TinHecemo OOWIBI YacTWHU DPIBHSHHS B KBaJpar, MICIS CKOPOYEHHS Ta 3BEIEHHS MOIIOHHMX

oTpuMaeMo Take piBHAHHS: V8x2—7 =3x—4 ¢ 8x?2—7 =9x% —24x + 16 & x? —
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24x + 23 = 0. lle piBasiHHSA Mae aBa kKopeHi: 1 ta 23. 3poOuBIIM NEepeBipKy, NEPEKOHYEMOCH,
mo 1 He MiIXOUTh.

-3
x?-y? 8 2 2 2_3 2 2
=— 3x* —3y* = —8xy 3x* ——=(9x° + 78x + 169) = —6x° — 26X
P xy 3 PN 16 PN
3x+13 — 3x+13 _ 3x+13
= 4 y=—
117x% + 182x — 507 = 0 _ _ _ .
_ 3x+13 . Jlani, moaimMBIIM mepiue piBHSAHHA Ha 13 Ta po3B’si3aBLiu iioro,
T4
. 13 : 13 .
OTPUMAEMO JIBA KOPEHL: X; = =, Xp = —3. 3BiCH 3HAXOAUMO: Y = SV = 1. HaiiMeHum
Oyne Biji’eMHUI JOOYTOK.
1,5
4x—4 214 6+ 4x—4 24 6+ 4x?—44x%+4  6x+x?
< I X = == ol ~ =277 BpaxysaBmm OJ[3 (x #

x x24+x  x+1 x x(x+1) T ox+l x(x+1) - x(x+1)’
0; —1), MO)XHa BIAKWHYTH 3HAMEHHHWKH, MPHUPIBHIBIIN YHCETbHUKH. OTpUMaEMO KBapaTHE
piBHsHHS 13 kKopersimu 0; 1,5. Ilepmmii kopiak He BXxoauTth B O/13.

54

. . 1 .
Ockunbku A B — cepeHs niHiA TpUKYTHUKA, TO A B = EAB = 5. Kpim TOro, ckopuctaeMoch

TeopeMoro ApXiMmena: MelliaHd B TOYIl NMEPEeTUHY AUIATHCA y BigHOMmEHHI 2:1, paxyrouu Bif
BepiuHu. Tomy: MB; = %MB = 4. PosrnsanyBuu TpUKYTHUK M A, B, 6aunmo: MA? + MB? =
A{B?. Tomy TpukyTHUK nieif — mpsmokyTHuil. Tomy B yoTupuKyTHMKY ABA;B; niaronani
neprneHIuKysipHi. Termep ckopuctaemMoch (OpMysOKw Ul IUIOIII YOTUPUKYTHUKA dYepe3
no0yTOK HOTo miaroHanei: S = %dldzsin(p. OCKUTBKA KYT MDK JiarOHJISIMH € TPSIMUM, TO

IUIOIIA JOPIBHIOE TMOJIOBHHI AOOYTKY NOBXKHMH JiaroHanedl. 3 TeopemMu Apximena MOXKHA

orpumat, o BB, = 12; AA; = 9. Tomy mioima A0piBHIOE: S = 1.12.-9 =54

2
10
AM 1 BC, M — cepenuna BC. TpukyrHuku ABH ta BAM — npsMOKYyTHI, y HHUX CIUIbHA
rinoTeHysa, a KaTeTu piBHI 3a yMoBot0. OTXe, BOHM piBHI. 3 IbOT0 BUILIUBAE, 110 BM = AH =
5 cM. Ockinbku M — cepeauna BC, To BC = 2BM = 10 cm.
2
|\/a +2 - a| =+a+ 2 —a: s Toro, mo0 BUKOHYBAJIACh 1151 PIBHICTh, HEOOX1IHO, 00 BUpPa3
i Moaysiem OyB HeBia eMHUM. ToOTO, HEOOXIAHO PO3B’sA3aTH HEPIBHICTh Va +2 —a =0 &
va+2>=a. s mwHepiBuicth (06e3 ypaxyBanHs OJI3) piBHOCHIBHA  CYKYITHOCTI:
{ a=0
a+2=>a?
a<O0
{a — 6yJb — siKe
a € [—2;2].
1
JliBa yactuHa Moske OYTH mpejcTaBieHa y BUrasami: x> — 2x + 3 = (x — 1)2 + 2 > 2. Ilpasa x
YaCTUHA, SIKIIO BpPaxyBaTH, IIO KOPiHb MApHOTO CTEINEHs 3aBXAM HEBiJI'€MHUM, 3aBXIU HE
Oinbiua 3a 2. ToOTo, piBHICTE MOKIIMBA JIMLIE TOAL, KOJIM 00MIBI YaCTHHHU piBHI 2. JliBa yacTuHA
piBHa 2 TinbKM mpu x = 1. SKkmio migcTaBUTH 1€ 3HAYCHHS 3MIHHOI y TpaBy YacTHUHY, TO
HEePEeKOHAEMOCS, 1110 II€ 1 € KOPiHb.

. Po3B’s13y10uM 1110 CYKyTHICTB, OTpuMaeMo: a € (—oo; 2]. Bpaxysasmu O/13:



